Rules for integrands of the form (d Sec[e + fx])™ (a+ bTan[e + fx])"

1 j(dSec[e+fx])m(a+bTan[e+-Fx])d1x

Derivation: Algebraic expansion and integration by substitution
Basis: Tan[e + f x] F[Sec[e + fx]] = % Subst [ EXL) x, Sec[e + f x] | oxSecfe + fx]

Rule:

~I‘(dSec[erFx])"' (a+bTan[e+fx])dx — bjTan[erFx] (dSec[e+fx])'"d1x+aj(dSec[e+fX])mdx

b (dSec[e+fx])’"
fm

+aJ-(dSec[e+-Fx])'"dlx

Program code:

Int[(d_.»sec[e_.+f_.»x_])~m_.#(a_+b_.+tan[e_.+f_.*x_]),x_Symbol] :=
b*(d*Sec[e+-F*x])"m/(-F*m) + axInt[(dxSec[e+fxx]) m,x] /;
FreeQ[{a,b,d,e,f,m},x] & (IntegerQ[2«m] || NeQ[a*2+b"2,0])



Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

2. J(dSec[e+fx])m (a+bTan[e+-Fx])"d1x whena? +b%:-0

1: Sec[e+-Fx]'" (a+bTan[e+-Fx])"d1x whena?+b?2=0 A 2ez
2

Derivation: Integration by substitution

Basis: Ifa2 + b2 == 0 A 2 € z,then

Sec[e+fx]" (a+bTan[e+fx])" = am-zlbf Subst [ (a-x)™2 (a+x)™™21, x, bTan[e+fx]] & (bTan[e + fx])

Rule: If a> + b? == @ A 2 € Z,then

J-Sec[e+fx]'" (a+bTan[e+fx])"dx — ! . SubstU.(a—x)'"/z_1 (a+x)™™21ax, x, bTan[e+-Fx]]

am—Z

Program code:

Int[sec[e_.+f_.xx_]"m_x(a_+b_.*tan[e_.+f_.xx_])"n_,x_Symbol] :=
1/ (a" (m-2) xbxf) #Subst [Int [ (a-x)~ (m/2-1) x (a+x)~ (n+m/2-1) ,X] ,X,bxTan[e+f+x]] /;
FreeQ[{a,b,e,f,n},x] && EqQ[a~2+b"2,0] && IntegerQ[m/2]



Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

2: J(dSec[e+fX])m (a+bTan[e+fx])"d1x whena?+b%?:==0 Am+n=0

Rule: If a2 +b%2==0 A m+n == 0, then

b (dsec[e+fx])" (a+bTan[e+fx])"

J(dSec[e+fx])m(a+bTan[e+-Fx])"dlx—» -

Program code:

Int[(d_.#sec[e_.+f_.xx_])~m_.x(a_+b_.«tan[e_.+f_.#x_])~n_,x_Symbol] :=
bx (dxSec[e+fxx])~m« (a+bxTan[e+fxx]) n/(axfxm) /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2+b"2,0] && EqQ[Simplify[m+n],0]



Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

3. J(dSec[e+fX])'" (a+bTan[e+fx])"d1x whena? +b%==0 A f+n==0

Sec[e + -Fx]

1: dx whena?+b%2==0

\/a+bTan[e+fx]

Derivation: Integration by substitution

. . . _ 2a
BaS|S. |f a2 + b2 _ e’ then Sec[e+f x . _ 223 Subst[ 1 -, X, Sec[e+f x] Ay Sec[e+f x]
\/a+b Tan[e+f x] bf 2-ax Va+b Tan[e+f x] \a+b Tan[e+f x]

Rule: If a? + b? == 9, then

Sec[e+fx]

2a
dx — -— Subst

1 Sec[e+fx]
[J dx, X,
bf 2-ax?

\/a+bTan[e+-Fx] \/a+bTan[e+-Fx]

Program code:

Int[sec[e_.+f_.+x_]/Sqrt[a_+b_.xtan[e_.+f_.+x_]],x_Symbol] :=
-2xa/(b+f) xSubst[Int[1/ (2-a#x"2),x],X,Sec[e+fxx]/Sqrt[a+bsTan[e+f+x]]] /;
FreeQ[{a,b,e,f},x] & EqQ[a~2+b"2,0]



Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

2: J(dSec[e+fx])m(a+bTan[e+-Fx])"dlx whena? +b%:==0 A f+n==0/\ n>o

Rule: If a2 + b%2 =0 A 7 +n =0 An>0,then

j(dSec[e+fX])m (a+bTan[e+fx])"dx —

b(ds £x])" bT £x])"
(dSecfe+fx])" (a+bTanfe+ fx]) +i (dSec[e+Fx])"I+2 (a+bTan[e+-Fx])"'1d1x
afm 2d?

Program code:

Int[(d_.»sec[e_.+f_.%x_])"m_.*(a_+b_.tan[e_.+f_.#x_])~n_,x_Symbol] :=
bx (dxSec[e+fxx])*m« (a+bsTan[e+fxx] ) n/(axf+m) +
a/ (2xd"2) xInt[ (d«Sec[e+fxx] )" (m+2) » (a+bxTan[e+Ffxx] )~ (n-1) ,x] /;
FreeQ[{a,b,d,e,f},x]| && EqQ[a"2+b"2,0] & EqQ[m/2+n,0] && GtQ[n,0]

3: J(dSec[e+fx])"'(a+bTan[e+fx])"d1x whena?+b%2:==0 A §+n==0/\ n<-1

Rule: If a2 + b2 =0 A 2+n=0 An<-1then

j(dSec[e+fx])"' (a+bTan[e+fx])"dx —

2d% (ds £x])"? (a+bT £x])™ 242
2 (dseclex])” (a+bTanfefx]) + 7= [(asece s £x])"* (a+bTan[es x])" ax
bf (m-2) a

Program code:

Int[(d_.»sec[e_.+f_.»x_])~m_.*(a_+b_.xtan[e_.+f_.#x_])~n_,x_Symbol] :=
2xd 2% (d*SeC [e+'F*X] ) A(m-2) * (a+b*Tan [e+'F*X] ) 2 (n+1)/(b*f* (m-2) ) +
2xd~2/a*Int[ (d«Sec[e+fxx])~ (m-2) » (a+bxTan[e+fxx])~(n+1),x] /;

FreeQ[{a,b,d,e,f},x] && EqQ[a"2+b"2,0] & EqQ[m/2+n,0] && LtQ[n,-1]



Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

4: J-(dSec[erFx])"' (a+bTan[e+-Fx])"dlx whena? +b%:==0 A §+n==0

Derivation: Piecewise constant extraction

Basis: |f az + bz — @’ then 3y (a+bTanfesfx])" (a-bTan[e+fx)" __ g

(dSec[e+f x])2"

Note: Degree of secant factor in resulting integrand is even, making it easy to integrate by substitution.

Rule: If a* + b? == @ A 7 +n = @, then

J\(dSec[eﬂcx])"‘ (a+bTan[e+fx])"dx —

(%)ZIntPart[n] (a+ bTan[e_'__Fx])FracPart[n] (a_ bTan[e_'__Fx])FracPart[n]

1
dx
(dsec[e + fx])?2Fracrartin] J(a—bTan[e+fx])"

Program code:

Int[(d_.xsec[e_.+f_.»x_])"m_x(a_+b_.+tan[e_.+f_.»x_])~n_,x_Symbol] :=
(a/d)~ (2+IntPart[n]) » (a+bxTan[e+fxx])~FracPart[n] (a-bxTan[e+fxx])~FracPart [n]/(d+Sec [e+fxx] )~ (2xFracPart[n])
Int[1/(a-bsTan[e+fxx])*n,x] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2+b"2,0] && EqQ[Simplify[m/2+n],0]



Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

4, J(dSec[e+fX])m (a+bTan[e+fx])"d1x whena? +b%==0 A f+nez+

1: J(dSec[e+fx])m (a+bTan[e+-Fx])"d]x whena?+b%2==0 A ?+n==1

Rule: If a2 + b%2 =0 A > +n = 1,then

2b (dSec[e+-Fx])"' (a+bTan[e+-Fx])"'1
fm

J(dSec[e+fx])m (a+bTan[e+fx])"ax —

Program code:

Int[(d_.»sec[e_.+f_.xx_])"m_.*(a_+b_.xtan[e_.+f_.#x_])~n_,x_Symbol] :=
2+bx (dxSec [e+fxx]) *m« (a+bsTan[e+Ffxx] )~ (n-1) /(f+m) /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2+b"2,0] && EqQ[Simplify[m/2+n-1],0]

2: J(dSec[e+fx])m(a+bTan[e+-Fx])"dlx whena? +b%:==0 A f+n—1ez*/\ n¢z

Rule: Ifa% + b%2 == 9 A 2+n-1eZ"An¢z,then

j(dSec[e+fx])m (a+bTan[e+fx])"dx —

b (dsec[e+fx])" (a+bTan[e+-Fx])"'1 a(m+2n-2)
+

f(m+n-1) m+n-1

Program code:

Int[(d_.»sec[e_.+f_.xx_])"m_.*(a_+b_.«tan[e_.+f_.#x_])~n_,x_Symbol] :=

bx (dxSec[e+fxx])~m« (a+bxTan[e+fxx])~(n-1) /(fx (men-1)) +

ax (m+2#n-2) / (m+n-1) »Int [ (dxSec[e+fxx] ) ~mx (a+bxTan[e+fxx])~(n-1),x] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2+b"2,0] && IGtQ[Simplify[m/2+n-1],0] && Not[IntegerQ[n]]

J(dSec[e+fx])m (a+bTan[e+-Fx])"'1dlx



Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

5. J(dSec[e+fX])'" (a+bTan[e+fx])"d1x whena?+b%?==0 A n>0

1: J\/dSec[e+fx] \/a+bTan[e+fx] dx whena?+b%2==0

Derivation: Integration by substitution

Basis: If a2 + b? == 0,then vdsecle+fx] Va+bTan[e+fx] == -22& Subst [ - "22 5 X, YasbTan[e+fx] ] & YasbTan[e+fx]
f a®+d® x v dSec[e+f x] v dSec[e+f x]

Rule: If a? + b? == 9, then

2 2 bT f
\/dSec[e+-Fx] \/a+bTan[e+fx] dx — _4bd SUbSt[JX—dlx, X, \/a+ an[e+fx] ]
f a2 +d?x* p

Program code:

Int[Sqrt[d_.xsec[e_.+f_.#x_]]*Sqrt[a_+b_.+tan[e_.+f_.xx_]],x_Symbol] :=
-4xbxd"2/fxSubst [Int [x 2/ (a2+d"2xx"4) ,X],X,Sqrt [a+bxTan[e+fxx]]/Sqrt[d+Sec[e+f+x]]] /;
FreeQ[{a,b,d,e,f},x] && EqQ[a"2+b"2,0]



Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

2: J(dSec[e+fx])m(a+bTan[e+-Fx])"dlx whena?+b?==0 An>1 A m<0

Rule:If a2 +b%? =0 A n>1 A m< 0,then

f(dSec[e+fx])m (a+bTan[e+fx])"dx —

2b (dsec[e+fx])" (a+bTan[e+Ffx])"™ b2 (m+2n-2)

fm d’>m

J-(dSec[erFx])"”z (a+bTan[e+fx])"'2d1x

Program code:

Int[(d_.xsec[e_.+f_.*x_])"m_x(a_+b_.*tan[e_.+f_.xx_])~n_,x_Symbol] :=
2+bx (dxSec [e+fxx]) *m« (a+bsTan[e+Ffxx] )~ (n-1) / (f+m) -
bA2x (m+2#n-2) / (d*2#m) xInt[ (dxSec[e+Ffxx] )" (m+2) x (a+bxTan[e+fxx] )~ (n-2),x] /;

FreeQ[{a,b,d,e,f},x]| && EqQ[a~2+b"2,0] && GtQ[n,1] && (IGtQ[n/2,0] && ILtQ[m-1/2,0] || EqQ[n,2] && LtQ[m,0] ||
LeQ[m,-1] && GtQ[m+n,0] || ILtQ[m,0] && LtQ[m/2+n-1,0] && IntegerQ[n] || EqQ[n,3/2] &% EqQ[m,-1/2]) && IntegerQ[2xm]

3: J(dSec[e+fx])m (a+bTan[e+-Fx])"dlx whena?+b?==0 An>0 A m<-1

Rule:If a2 +b%?==0 A n>0 A m< -1,then

f(dSec[e+fx])m (a+bTan[e+fx])"dx —

b(dsec[e+fx])" (a+bTan[e+fx])" a (m+n)
+

afm m d?

J~(dSec[e+1:x])'"+2 (a+bTan[e+-Fx])"'1dlx

Program code:

Int[(d_.xsec[e_.+f_.»x_])"m_x(a_+b_.*tan[e_.+f_.xx_])~n_,x_Symbol] :=

bx (dxSec[e+fxx])*m« (a+bsTan[e+fxx])~n/(axf+m) +

ax (m+n) / (mxd~2) »Int[ (dxSec[e+Ffxx])~ (m+2) » (a+bxTan[e+Ffxx])~(n-1),x] /;
FreeQ[{a,b,d,e,f},x]| && EqQ[a"2+b"2,0] && GtQ[n,0] && LtQ[m,-1] && IntegersQ[2xm,2xn]



Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

4: J\(dSec[erFx])rn (a+bTan[e+-Fx])"dlx whena?+b%==0 A n>0

Rule: If a2 + b2 == @ A n > 0, then

j(dSec[e+fx])m (a+bTan[e+fx])"dx —

b (dsec[e+fx])" (a+bTan[e+-Fx])"'1 a(m+2n-2)
+

ds £x])" bT £x])"ta
fmend) ] J( ec[e+ x]) (a+ an[e+ x]) X

Program code:

Int[(d_.»sec[e_.+f_.xx_])"m_.*(a_+b_.xtan[e_.+f_.#x_])~n_,x_Symbol] :=

bx (dxSec[e+fxx])~m« (a+bxTan[e+fxx])~(n-1) /(fx (men-1)) +

ax (m+2#n-2) / (m+n-1) »Int [ (dxSec[e+fxx] ) ~m« (a+bxTan[e+fxx])~(n-1),x] /;
FreeQ[{a,b,d,e,f,m},x] 8& EqQ[a"2+b"2,0] && GtQ[n,0] && NeQ[m+n-1,0] & IntegersQ[2m,2xn]

10



Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

6. J(dSec[e+fX])'" (a+bTan[e+fx])"d1x whena?+b%?==0 A n<0

(dSec[e+-Fx])3/2
dx whena?+b%2==0

\/a+bTan[e+fx]

Derivation: Piecewise constant extraction

Basis: If a? + b? == @, then , Sec(e+fx]

v a-bTan[e+fx] Va+bTan[e+fx]

Rule: If a? + b? == 9, then

ds £ 3/2 ds f
(dsec[e+fx]) i ec[e+fx] J\/dSQC[e+fx] \a-bTan[e+fx] dx

\/a+bTan[e+-Fx] \/a—bTan[e+-Fx] \/a+bTan[e+-Fx]

Program code:

Int[(d_.+sec[e_.+f_.xx_])~(3/2)/Sqrt[a_+b_.stan[e_.+f_.*x_]],x_Symbol] :=
d«Sec[e+fxx]/(Sqrt[a-bsTan[e+fxx]]+Sqrt[a+bsTan[e+f+x]]) +»Int[Sqrt[d+Sec[e+fxx]]*Sqrt[a-bsTan[e+f+x]],x] /;
FreeQ[{a,b,d,e,f},x]| && EqQ[a~2+b"2,0]

11



Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n 12

2: J(dSec[e+fx])m (a+bTan[e+-Fx])"dlx whena?+b?==0 An<-1Am>1

Rule:If a2 +b%? =0 A n<-1A m> 1,then

f(dSec[e+fx])m (a+bTan[e+fx])"dx —

2d? (dSec[e+-Fx])""2 (a+bTan[e+1:x])n+1 d? (m-2)

- ds f m-2 bT £ n+2 d
bf (m+2n) b? (m+2n) J( ecfe+fx])™" (a+bTan[e+ fx])™ ax

Program code:

Int[(d_.xsec[e_.+f_.xx_])"m_x(a_+b_.+tan[e_.+f_.xx_])~n_,x_Symbol]| :=
2xd 2% (d*Sec [e+f*x] ) A(m-2) % (a+b*Tan [e+f*x] ) n (n+1)/(b*f* (m+2%n) ) -
d~2x (m-2) / (b2 (m+2xn) ) »Int[ (dxSec[e+fxx] )" (m-2) « (a+bxTan[e+fxx] )~ (n+2) ,x] /;
FreeQ[{a,b,d,e,f,m},x] && EqQ[a~2+b"2,0] && LtQ[n,-1] &&
(ILtQ[n/2,0] && IGtQ[m-1/2,0] || EqQ[n,-2] || IGtQ[m+n,@] || IntegersQ[n,m+1/2] && GtQ[2xm+n+1,0]) && IntegerQ[2xm]

3: j(dSec[e+fx])”(a+bTan[e+-Fx])"d]x whena?+b?==0 An<0 Am>1

Rule:If a2 +b%?==0 A n<®@ A m>1,then

J(dSec[e+fX])m (a+bTan[e+fx])"dx —

d? (dSec[e+-Fx])'"'2 (a+bTan[e+-Fx])"+1 d? (m-2)
+

ds f m-2 bT £ n+l g
bf (m+n-1) am+n-1) j( ec[e+fx])"* (a+bTan[e+fx]) X

Program code:

Int[(d_.#sec[e_.+f_.xx_])"m_.x(a_+b_.«tan[e_.+f_.+x_])"n_,x_Symbol] :=
d”2x (d*Sec [e+f*x] ) A(m-2) * (a+b*Tan [e+‘F*x] )" (n+1)/(b*‘F* (m+n-1) ) +
d~2x (m-2) / (ax (m+n-1) ) »Int[ (d«Sec[e+Ffxx])~ (m-2) x (a+bxTan[e+Ffxx] )~ (n+1),x] /;
FreeQ[{a,b,d,e,f},x] && EqQ[a"2+b"2,0] && LtQ[n,0] && GtQ[m,1] & Not[ILtQ[m+n,0]] & NeQ[m+n-1,0] && IntegersQ[2+m,2#n]



Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

4: J\(dSec[erFx])rn (a+bTan[e+-Fx])"dlx whena?+b%==0 A n<0

Rule: If a2 + b2 ==0 A n < 0, then

j(dSec[e+fX])m (a+bTan[e+fx])"dx —

a(dSec[e+-Fx])"'(a+bTan[e+-Fx])"+ m+n

ds £x])" bT £x])™a
bf mezm Tne2m J( ec[e+ x]) (a+ an[e+ x]) X

Program code:

Int[(d_.»sec[e_.+f_.xx_])"m_.*(a_+b_.xtan[e_.+f_.#x_])~n_,x_Symbol] :=

ax (dxSec[e+fxx])~mx (a+bsTan[e+Ffxx])~n/(bxfx (m+2xn)) +

Simplify[m+n]/(ax (m+2xn)) +Int[ (d«Sec[e+fxx])"m+ (a+bxTan[e+fxx])~ (n+1),x] /;
FreeQ[{a,b,d,e,f,m},x] 8 EqQ[a"2+b"2,0] && LtQ[n,0] && NeQ[m+2xn,8] & IntegersQ[2m,2xn]

13



Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

7. J(dSec[e+fX])m (a+bTan[e+fx])"d1x whena?+b?==0 Am+nez

1: J(dSec[e+fx])m (a+bTan[e+-Fx])"d]x whena?+b?2=0 Am+n-1ez*

Rule:Ifa?2 +b%?==0 Am+n-1¢€2z",then

J(dSec[e+fX])m (a+bTan[e+fx])"dx —

b (dsec[e+fx])" (a+bTan[e+-Fx])"'1 am+2n-2)
+

ds f n bT f n'ldl
F(m+n-1) O J( ec[e+fx])" (a+bTan[e+fx]) X

Program code:

Int[(d_.xsec[e_.+f_.%x_])~m_.*(a_+b_.xtan[e_.+f_.#x_])~n_,x_Symbol] :=

bx (dxSec[e+fxx])~m« (a+bsTan[e+f+x] )~ (n-1) / (F+Simplify [m+n-1]) +

ax (m+2xn-2) /Simplify [m+n-1] +Int [ (d+Sec[e+fxx]) m« (a+bxTan[e+fxx])~(n-1),x] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2+b"2,0] && IGtQ[Simplify[m+n-1],0] && RationalQ[n]

14



Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

2: J-(dSec[erFx])"' (a+bTan[e+-Fx])"dlx whena?+b%?==0 Am+nez"-

Rule:If a2 +b%2==0 A m+n ez ,then

j(dSec[e+fx])m (a+bTan[e+fx])"dx —

ds £x])" bT £x])"
a( ec[e+ X]) (a+ an[e+ X]) + men I(dSec[e+fX])m(a+bTan[e+*Fx])"+1dlx
bf (m+2n) a(m+2n)

Program code:

Int[(d_.»sec[e_.+f_.xx_])"m_.*(a_+b_.xtan[e_.+f_.#x_])~n_,x_Symbol] :=

ax (dxSec[e+fxx])~mx (a+bsTan[e+Ffxx])~n/(bxfx (m+2xn)) +

Simplify[m+n]/(ax (m+2xn)) +Int[ (d«Sec[e+fxx])"m+ (a+bxTan[e+fxx])~ (n+1),x] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2+b"2,0] && ILtQ[Simplify[m+n],0] && NeQ[m+2xn,0]

X: j(dSec[e+fX])'" (a+bTan[e+fx])"dlx whena?+b%?=0 A nez

Derivation: Piecewise constant extraction, algebraic expansion and integration by substitution

Basis: o, {dsecle+fx)" __ g
x (Sec[e+1=x]2)'“/2

Basis: sece+ fx]2 == 1+Tan[e + f x]?2

Basis: F [b Tan[e + f x]] = /L Subst —LL'; XL, X, bTan[e+fx]} Ox (bTan[e + fx])
'
Rule: If a2 + b%2 == 0@ A n € Z, then

(dsec[e+fx])"

(sec[e+ -Fx]z)'"/2

J(dSec[e+fx])m (a+bTan[e+-Fx])"d1x — j(a+bTan[e+fx])" (1+Tan[e+-Fx]2)'"/2dlx

15



Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

(dsec[e+fx])" 2

— Subst [J(a +x)" (1 -
bf (Sec[e+1=x]2)'"/2

% m/2-1
—2] dx, x, bTan[e+fx]]
a

a" (dsec[e+fx])" X \ n+m/2-1 X\ m/2-1
— Subst[J(l + —) (1 - —) dX, X, bTan[e+-Fx]]
b-F(Sec[e+-Fx]z)"'/2 a a

Program code:

(» Int[(d_.#sec[e_.+f_.#x_]) m_.(a_+b_.xtan[e_.+f_.xx_])~n_,x_Symbol] :=
a’nx (dxSec[e+fxx]) "m/(b*f* (sec[e+fxx]~2)~(m/2) ) #Subst [Int[ (1+x/a)" (n+m/2-1)  (1-x/a) " (m/2-1) ,x] ,X,bxTan[e+fxx]] /;
FreeQ[{a,b,d,e,f,m},x] && EqQ[a"2+b"2,0] && IntegerQ[n] x)
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Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

X: J(dSec[e+fX])'" (a+bTan[e+fx])"d1x when a? + b2 == 0

Derivation: Piecewise constant extraction, algebraic expansion and integration by substitution

Basis: 5, dsecie+fx)" __ g
X (Se::[e+-Fx]2)"'/2

Basis: sec[e+ fx]2 == 1+Tan[e + f x]2

Basis: F[bTan[e + fx]] == X Subst| FXL | x, bTan[e+Fx]} Ox (bTan[e + fx])

Rule: If a2 + b? == 9, then
(dSec[e+fx])'“

(sec[e+ fx]*)"?

j(dSec[e+fx])m (a+bTan[e+fx])"ax — j(a+bTan[e+-Fx])" (1+Tan[e + £x]?)"? ax

(dsecfe+x])" (1+ 2

X
— Subst[J(a +x)" —
)m/z b2

m/2-1
] dx, x,bTan[e+-Fx]]
bf (Sec[e+1=x]2

Program code:

(* Int[(d_.«sec[e_.+f_.#x_])"m_.x(a_+b_.«tan[e_.+f_.#x_])"n_,x_Symbol] :=
(d+Sec[e+Ffxx])~m/ (bxfx (Sec[e+Ffxx]~2)~ (m/2) ) xSubst [Int[ (a+x)"nx (1+x"2/b"2)~(m/2-1) ,X],X,bxTan[e+f+x]] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2+b"2,0] x)
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Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

8: J(dSec[e+fX])'" (a+bTan[e+fx])"d1x when a? + b2 == 0

Derivation: Piecewise constant extraction

Basis: If a2 + b% == 9, then o, (d Seclexf x1)" -0

(a+b Tan[e+f x])™?2 (a-b Tan[e+f x])™?2
Rule: If a? + b? == 9, then

J(dSec[e+fx])m (a+bTan[e+fx])"ax —

(dsec[e+fx])"

J-(a+bTan[e+-Fx])"'/2+n (a—bTan[e+-Fx])"'/2dlx
(a+bTan[e+-Fx])"'/2 (a—bTan[e+-Fx])'"/2

Program code:

Int[(d_.xsec[e_.+f_.*x_])~m_.+(a_+b_.«tan[e_.+f_.+x_])~n_.,x_Symbol] :=
(d#sec[e+fxx]) "m/( (a+bxTan[e+fxx] )~ (m/2) » (a-bxTan[e+fxx] )~ (m/2) ) xInt[ (a+bxTan[e+Ffxx] )" (m/2+n) » (a-bxTan[e+Ffxx] )~ (m/2),x] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2+b"2,0]

3. j(dSec[e+fx])m (a+bTan[e+fx])"d1x when a? + b% # 0

m

1: Sec[e+-Fx]'" (a+bTan[e+-Fx])"d1x whena?+b%#0 A Jez

Derivation: Algebraic expansion and integration by substitution
Basis: Sec[e+fx]%2=1+Tan[e+fx]?

Basis:F[bTan[e + fx]] = bl—FSubst FI[LX_}, X, bTan[e+fx] | 0x (bTan[e + fx])

bZ

Rule: If a2 + b2 0 A ? e z,then
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Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

J.Sec[e+fx]"' (a+bTan[e+fx])"dx — j(a+bTan[e+-Fx])" (1+Tan[e+fx]2)'"/2d1x

1 x2) 31
— —Subst[J(a+x)" 1+ — dx, x,bTan[e+-Fx]]
bf b?

Program code:

Int[sec[e_.+f_.xx_]"m_x(a_+b_.+tan[e_.+f_.xx_])~n_,x_Symbol] :=
1/(b*-F) *Subst [Int[ (a+X) *nx (1+x*2/b*2) ~(m/2-1) ,x],X,bxTan[e+fxx]|]| /;
FreeQ[{a,b,e,f,n},x]| && NeQ[a~2+b"2,0] & IntegerQ[m/2]

2. J~(d5ec[e++'x])m (a+bTan[e+fx])2d1x when a% + b%2 # 0

. J(a+bTan[e+fx])2

Sec[e + f x|

dx whena?+b%#0

Derivation: Algebraic expansion

Basis; {asbTanfe+fx1)® __ p2gacie+fx] +2abSin[e+Ffx] + (az—bz) Cos[e + f x]

Sec[e+f Xx]

Rule: If a2 + b% + 0, then

(a+bTan[e+-Fx])2
J

Sec[e + f x|
bZArcTanh[Sin[e+fx]] 2abCos[e+fx] (az—bz) Sin[e+fx]
- +
f f f

—

Program code:

Int[(a_+b_.xtan[e_.+f_.xx_])"2/sec[e_.+f_.+x_],x_Symbol] :=
br2«ArcTanh [Sin[e+fxx]]/f - 2xaxbxCos[e+fxx]/f + (a”2-b"2)+Sin[e+fxx]/Ff /;
FreeQ[{a,b,e,f},x] & NeQ[a~2+b"2,0]

dx — bZJSec[e+-Fx] d1x+2abjsin[e+fx] dx + (az—bz) JCos[e+fx] dx
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Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

2: J(dSec[erFx])"' (a+bTan[e+-Fx])2dlx whena?+b?#0 A m# -1

Rule: If a2 +b%2 0 A m#+ -1, then

j(dSec[e+fx])m (a+bTan[e+fx])2d1x —

b (dsec[e+fx])" (a+bTan[e+fx]) 1
+ J\(dSec[e+-Fx])m (a> (m+1) -b*+ab (m+2) Tan[e + fx]) dx
f (m+1) m+1

Program code:

Int[(d_.»sec[e_.+f_.xx_])"m_.*(a_+b_.«tan[e_.+f_.*x_])"2,x_Symbol] :=

bx (dxSec[e+fxx])~m« (a+bxTan[e+fxx])/(fx (m+1)) +

1/ (m+1) »Int[ (d«Sec[e+Ffxx]) mx (a%2x (m+1) -b 2+axbx (m+2) xTan[e+fxx]),x] /;
FreeQ[{a,b,d,e,f,m},x] && NeQ[a"2+b"2,0] && NeQ[m,-1]
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Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

dx whena?+b%?#0 A meZz

3 J«(dSec[e+fx])'"

a+bTan[e+-Fx]

dx whena?+b%?#0 A mezZ*

. J-(dSec[e+fx])’“

a+bTan[e+-Fx]

dx whena?+b?#0

.. J Sec[e + f x|

a+bTan[e+fx]

Derivation: Integration by substitution

fee Sec[e+f X 1 1 b-aTan[e+f x b-aTan[e+f x
Basis: a+bTan[e+fx] ~ f SUbSt[a%bez’ X5 Sec[e+f x] } X secle+fX]

Rule: If a2 + b? 0, then

Sec[e+-Fx] 1 1 b—aTan[e+fx]
J—dlx — ——Subst[J—dlx, X, —]
a+bTan[e+-Fx] f a?+b?-x? Sec[e+fx]

Program code:

Int[sec[e_.+f_.xx_]/(a_+b_.xtan[e_.+f_.xx_]),x_Symbol] :=
-1/f+Subst[Int[1/ (a”2+b"2-x"2),X],X, (b-axTan[e+fxx])/Sec[e+fxx]] /;
FreeQ[{a,b,e,f},x] & NeQ[a~2+b"2,0]

dx whena?+b?#0 Am-1ez*

). j(dSec[e+fx])m

a+bTan[e+fx]

Derivation: Algebraic expansion

Basis- Sec[c+x]* __ _ a-bTan[cs+x] + a+b?
* asbTan[c+x] b2 b? (a+b Tan[c+x])

Rule:If a2+ b2+ 0 A m-1¢e27*, then
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Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

(dsec[e+fx])"
| Ievemoves

d2
dx — ——J‘(dSec[e+-Fx])""2 (a—bTan[e+-Fx])d1x+
a+bTan[e+-Fx] b’

Program code:

Int[(d_.+sec[e_.+f_.xx_])~m_/(a_+b_.+tan[e_.+f_.*x_]),x_Symbol] :=
-d~2/b"2+Int [ (d+Sec[e+fxx] )~ (m-2) x (a-bxTan[e+fxx]),x]| +
d”2x (a”2+b”"2) /b”2xInt [ (d*Sec [e+f*x] )" (m—2)/(a+b*Tan [e+f*x] ) ,x] /3
FreeQ[{a,b,d,e,f},x] && NeQ[a"2+b"2,0] && IGtQ[m,1]

dx whena?+b%?#0 A meZz-

). ‘J\(dSec[erFx])'n

a+bTan[e+-Fx]

Derivation: Algebraic expansion

1ce _ 2 2
BaS|S. 1 __ a-bTanfe+fx] + b? Sec[e+f x]

a+b Tan[e+f x] a?+b? (a?+b?) (a+bTan[e+fx])

Rule:If a2 +b%? + @ A me Z,then

(dSec[e+Fx])“1 1 .
J—d]x - —j(dSec[e+fx]) (a-bTan[e+fx]) dx+
a+bTan[e+-Fx] a? + b?

Program code:

Int[(d_.#sec[e_.+f_.xx_])~m_/(a_+b_.xtan[e_.+f_.*x_]),x_Symbol] :=

1/ (a”2+b"2) +Int [ (d«Sec[e+fxx])"m« (a-bxTan[e+fxx]),x] +

b2/ (d"2x (a"2+4b~2) ) +Int[ (dxSec [e+fxx])~ (m+2) /(a+bxTan[e+fxx]),x] /;
FreeQ[{a,b,d,e,f},x] & NeQ[a"2+b"2,0] && ILtQ[m,0]

d? (a2 + b?)

(dsec[e+ fx] )r"'2

b2

b2

J

a+bTan[e+-Fx]

(dsec[e+fx])™?

d? (a2 + b2)

J

a+bTan[e+-Fx]

dx

dx
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Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

4: J(dSec[e+fX])'" (a+bTan[e+fx])"d1x whena?+b%#0 A fez

Derivation: Piecewise constant extraction, algebraic expansion and integration by substitution

Basis: 5, dsecie+fx)" __ g
X (Se::[e+-Fx]2)"'/2

Basis: secre + fx]2 == 1+ Tan[e + f x]2

Basis: F[b Tan[e + f x]] == - Subst FI%—ZL’ X, bTan[e+Fx]} Ox (bTan[e + fx])
bZ

Rule: If a2 + b2 + 0 A ¢ z,then

g2 Intpart[m/2] (d Sec [e + f x] ) 2 FracPart[m/2]

(Sec [e +f X] 2) FracPart[m/2]

J(dSec[erFx])"' (a+bTan[e+fx])"dx —

J(a+bTan[e+fx])" (1+Tan[e+fx]2)"'/zdlx

d2 IntPart[m/2] (d Sec [e + f X] ) 2 FracPart[m/2] X2 ;_1
— Subst[j(a+x)" (1+—) dx, X, bTan[e+-Fx]]
bf (Sec [e . _FX]Z)Fr'acPar't[m/Z] b2

Program code:

Int[(d_.#sec[e_.+f_.xx_])"m_.x(a_+b_.«tan[e_.+f_.+x_])"n_,x_Symbol] :=
d~ (2+IntPart[m/2]) » (d«Sec[e+fxx] )~ (2xFracPart[m/2]) / (b+fx (Sec[e+fxx]~2) *FracPart[m/2] )«
Subst[Int[ (a+x)"n# (1+x"2/b"2)~(m/2-1) ,x],X,bxTan[e+fx]] /;
FreeQ[{a,b,d,e,f,m,n},x] & NeQ[a~2+b"2,0] && Not[IntegerQ[m/2]]

Rules for integrands of the form (dCos[e + fx])™ (a+ bTan[e + fx])"

1. j(dCos[e+fx])m (a+bTan[e+fx])"d1x whenm ¢ Z
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Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

'\/a+bTan[e+-Fx]
1: dx whena? +b?2==0
'\/dCos[e+fx]

Derivation: Integration by substitution

Basis: If a2 + b% == @, then

YasbTanlerfx] .. _4b gupst[—X— x, +/dCos[e+Fx] Va+bTan[e+Fx] | o (VdCosfe+Ffx] Va+bTan[e+fx
A/ dCos[e+fx] f [azd2+x"’ ’ [ ] [ ]] X( [ 1 [ ])

Rule: If a? + b? == 9, then

bT f ’
J\/a’f an[e + fx] dx —» _ﬂSubst[J - ): ~ dx, X, \/dCos[e+fX] \/a+bTan[e+fx] ]
\[acos[eFx] f .

Program code:

Int[Sqrt[a_+b_.«tan[e_.+f_.xx_]]/Sart[d_.cos[e_.+f_.+x_]],x_Symbol] :=
-4xb/fxSubst [Int[x"2/ (a"2#d"2+X 4) ,X],X,Sqrt[d«Cos [e+fxx]]+Sqrt[a+bsTan[e+f+x]]] /;
FreeQ[{a,b,d,e,f},x] && EqQ[a"2+b"2,0]
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Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

2: J = dx whena?+b%==0
(dCos[e+-Fx])3/2\/a+bTan[e+fx]

Derivation: Piecewise constant extraction

Basis: If a% + b2 == 9, then &, 1

Cos[e+fx] Va-bTan[e+fx] a+bTan[e+fx]

Rule: If a% + b? == 9, then

“bT f
J 1 ix o 1 JVa an|[e + f x] ix
(dCos[e+-Fx])3/2\/a+bTan[e+fx] dCos[e+fx]\/a—bTan[e+fx] \/a+bTan[e+-Fx] \/dCos[e+-Fx]

Program code:

Int[1/((d_.cos[e_.+f_.*x_])~(3/2)+Sqrt[a_+b_.+tan[e_.+f_.+x_]]),x_Symbol] :=
1/(d«Cos [e+fxx]xSqrt[a-bxTan[e+fxx] ] +Sqrt[a+bsTan[e+fxx]]) «Int[Sqrt[a-bsTan[e+fxx]]/Sqrt[d«Cos[e+fxx]],x] /;
FreeQ[{a,b,d,e,f},x]| && EqQ[a~2+b"2,0]
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Rules for integrands of the form (d sec(e+f x))~"m (a+b tan(e+f x))"n

3: J(dCos[e+fX])m (a+bTan[e+fx])"d1x whenm ¢ zZ

Derivation: Piecewise constant extraction
Basis: 5, ( (d Cos[e+1:x])m (d Sec[e+fx])"') =0

Rule: If m ¢ Z, then

J(dCos[e+fx])m (a+bTan[e+fx])"dx — (dCos[e+fx])" (dSec[e+fx])'“j

Program code:

Int[(d_.xcos[e_.+f_.»x_])~m_x(a_+b_.xtan[e_.+f_.»x_])"n_.,x_Symbol] :=
(d«Cos[e+fxx] ) mx (d+Sec[e+fxx]) m+Int[ (a+bsTan[e+fxx])~n/(dxSec[e+fsx])"m,x] /;
FreeQ[{a,b,d,e,f,m,n},x] & Not[IntegerQ[m]]

(a+bTan[e+fx])"

(dsec[e+fx])"

dx
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